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Ph ■ Abstract 

• ' We establish some sharp weighted trace inequalities W^'^{p^^^'' ,M) ^-> L^-^" {dM) 

1-^ . on n + 1 dimensional compact smooth manifolds with smooth boundaries, where p is a 

d ' defining function of M and cr € (0,1). This is stimulated by some recent work on fractional 

(conformal) Laplacians and related problems in conformal geometry, and also motivated by 
a conjecture of Aubin. 

^ \ 1 Introduction 

O, 

O , Let VL be an open set in M", n > 1, and p{x) = d\st{x^dVL) for x G f]. There have been 

much work devoted to the structures of weighted Sobolev spaces of the type W^''P{p'^,^) where 

pj ' a S M, A; E N and 1 < p < oo, as well as to their applications in different areas such as 

^ . (stochastic) partial differential equations and Riemannian manifolds with fractal boundaries or 

boundary singularities. We refer to the book [36 1 of Maz'ya and references therein for these 
topics. 

\r2 • In this paper, we would like to study sharp constants in weighted trace type inequalities 

t^^N ' 1 o 1 o 2n 

?H ■ W ' {p ) ^-)> L^-^'^ (dM) on Riemannian manifolds M with boundaries dM. Let us start 

- - -' from Euclidean spaces. Denote if'^(M") as the a-order homogeneous Sobolev space on M"^, 

n > 2, which is the closure of C^(M") under the norm 

1/2 



H<^{R"-) 



-Ay/^f{x)\^dx 



The sharp u-order Sobolev inequality asserts that 



1^(M.)^^("'^)II^II^-(M") 



_2.„-. /r((n-2a)/2)\ / Tin) 



for all/ G ii''^(M"), where 

^ ^ Vr((n + 2a)/2); Vr(n/2) 

and the equality holds if and only if f{x) takes the form 

n — 2cr 

A 



l + A2|x-Xo|2 



for some c G M, A > and xq G M". These have been proved by Lieb in [.34.1 . Set x 

{x',Xn+i) G M.1^^ ■■= K" X (0,oo) and 



F{x',xn+i)= f P.(x'-e,x„+i)/(Ocie, 



where 



x2- 



V^{x',Xn+i) = f3in,a)—— — — — -^j2^ (1) 

(|x'|2 + a;^_^^) 2 

with the normalization constant (3{n, a) > such that J^„ Va{x' , 1) dx' = 1. Then one has (see, 
e.g., 10) 

N. f xl-^\^\VFix',Xn+i)\'dx=\\f\\l^^^^y 
where N^ = 2^''-^r{a)/r{l - a). Hence, we have 

<S{n,a) [ x^-f|VF(x',x„+i)|2dx (2) 



T 

for all / G i/'^(]R"), where S{n,a) = N^- ■ c{n,a). Consequently, one can show (see, e.g.. 
Proposition l2.1l below together with a density argument) that 

\\U{;0)f^^^ <S{n,a)[ xl;-^l^\VU{x' ,Xn+i)\^ dx (3) 

for all U G ^"^'^(x^+f , M!^+^), which is the closure of C^{Wl^^) under the norm 



n+l + U Jjgn + l 

Stimulated by several recent work on fractional (conformal) Laplacians and related prob- 
lems in conformal geometry (see, e.g., ll22][T0]|2Tl|26l ) and a conjecture of Aubin [2], we study 



weighted Sobolev trace inequalities of type ^ on Riemannian manifolds with boundaries. For 
n > 2, let (M, g) he ann + 1 dimensional, compact, smooth Riemannian manifold with smooth 
boundary dM. We say a function p € C°°{M) is a defining function of M if 

p > in M, p = and Vgp / on dM. 

Since p^^^'^, where cr € (0, 1) is a constant, belongs to the Muckenhoupt A2 class, we define the 
weighted Sobolev space H^ {p^^"^" , M) as the closure of C°°{M) under the norm 



1 
'm 



where dvg denote the volume form of {M,g). H^ {p^~'^'^ , M) is a Hilbert space and it has a 
well-defined trace operator T (see, e.g., f36l or f39l) which continuously maps H^{p^^^'^ ,M) 
to H'^{dM), where H^{dM) is the cr-order Sobolev space on dM. 

Theorem 1.1. For n > 2, let (M, g) be an n + 1 dimensional, compact, smooth Riemannian 
manifold with smooth boundary dM. Let a S (0, ^], and pbe a defining function of M satisfying 
I Vgp| = 1 on dM. Then there exists a positive constant A = A{M, g, n, p, a) such that 



(4) 



([ \u\^^dsg] " <S{n,a) I p^-^''\Vgu\'^dvg + A I u^ ds 

\JdM J Jm JdM 

for all u £ H^ (p^~'^^ , M), where dsg denotes the induced volume form on dM. 

For a G (^, 1), we have 

Theorem 1.2. Let a £ {-^,1), n> A and (M, g) be an n + 1 dimensional, compact, smooth Rie- 
mannian manifold with smooth boundary dM. Suppose in addition that dM is totally geodesic. 
Let p be a defining function of M satisfying p(x) = d{x) + 0{d{xY) as d{x) — )• 0, where d{x) 
denotes the distance between x and dM with respect to the metric g. Then there exists a positive 
constant A = A{M, g, n, p, a) such that Q holds for all u G H^[p^^^'^ , M). 

Remark 1.1. The constant S{n, a) in (01) is optimal for all a G (0, 1), see Proposition \2.2\ 

Remark 1.2. Theorem \L2\ may fail without any geometric assumption on dM. For example, it 
is the case when the mean curvature of dM is positive somewhere. In particular, Q is false on 
any bounded smooth domain in M""'"^ when a G (1/2, 1). However, Theorem \L1\ holds for all 
a G (0, 1) if S{n, a) is replaced by any S > S{n, a), see Proposition[ 



Remark 1.3. It is clear that we only need to consider the case when M is connected. Throughout 
the paper, we assume this. 



When a = |, (HJl is a standard Sobolev trace inequality which has been extensively studied, 
see, e.g.. Lions |[35l . Escobar |[T4l . Beckner Q, Adimurthi-Yadava HI, Li-Zhu ||32ll33l and many 
others. In particular, Li-Zhu fyT\ established Theorem II. II for cr = |. The sharp inequality dUl 
is in the same spirit of a conjecture posed by Aubin [2| which concerns the best constants in 
Sobolev embedding theorems on Riemannian manifolds. Aubin's conjecture had been confirmed 
through the work of Hebey-Vaugon ||25| . Aubin-Li Q and Druet |[m[T2l . Besides, various refine- 
ments of Aubin's conjecture were obtained in Druet-Hebey fTT], Li-Ricciardi fST] and etc. These 
sharp Sobolev type inequalities play important roles in the study of nonlinear partial differential 
equations, see Aubin IS, Hebey [24], Schoen-Yau [42] and references therein. 

For the defining function in the above theorems, {M,g/ p^) is asymptotically hyperbolic in 
the sense that (M, g/ p^) is a complete manifold and along any smooth curve in M \ dM tending 
to a point ^ G dM all sectional curvatures of g/ p^ approach to —1 (see Mazzeo |37] or Mazzeo- 
Melrose ll38l ). On the conformal infinity {dM, [g\dM]) of {M,g/ p^), one can define fractional 
order conformally invariant operators P^ for a G (0, §) except at most finite values, via nor- 
malized scattering operators (see Graham-Zworski [22] and Chang-Gonzalez fTO]), which leads 
to cr-scalar curvature R^ := Pa{^) on dM. A fractional Yamabe problem, which is to find a 
metric in [^Iqa/] of constant u-curvature and related ones, have been studied by Qing-Raske BTI . 
Gonzalez-Mazzeo-Sire f2()l and Gonzalez-Qing ||2TI . When a G (0, 1), it can be formulated (see 
II2TI ) as seeking minimizers of the energy functional 

r[u] = ^^Ml!- ^ '_^" ^gL ^, nGFl(p^-'^M),n^0on9M, (5) 

for some proper p. For cr = 1/2, it is the energy functional of a Yamabe problem with boundary 
initially studied by Escobar ifTSl . A fractional Nirenberg problem about prescribing a-scalar 
curvature on §" has been studied by Jin-Li-Xiong |[26l [TTIl and a fractional Yamabe flow has 
been studied by Jin-Xiong (281. Variational problems related to energy functional ^ on bounded 
domains in Euclidean spaces have been studied by Gonzalez 1 19 1, Palatucci-Sire [,40,1 . 

Finally, we provide a brief sketch of the proofs of the two main theorems. Since the right 
hand side of (01) does not contain terms like j^^ p^^'^^u^ dvg, we adapt a global argument from 
Li-Zhu ||32ll33l . By contradiction, we assume that for any a > 0, 

for some u G H^{p^^^'^ , M) with that -u ^ on dM. It follows that there exists a minimizer Uq, 
of la, and Ua blows up at exactly one point as a — ;■ 00. One key step is the asymptotical analysis 
of Ua near its blow up point. Here we have to overcome difficulties from the degeneracy and the 
lack of conformal invariance of the Euler-Lagrange equation of la satisfied by n^. Another differ- 
ence from [32] (the case a = 1/2) is that some Sobolev embedding theorems for H^{p^^'^'^ , M), 



which play important roles in establishing the blow-up profile of u^ in the interior of M in 11321 
in the case cr = i, fail when a > ^ (see, e.g., Theorem 1 in page 135 or Corollary 2 in page 
193 of f361) . However, we succeeded in establishing the optimal asymptotical behavior of u^ 
on the boundary dM (Proposition 13.31 ). In this step, a Liouville type theorem in Jin-Li-Xiong 
ll26ll and Neumann functions for degenerate equations in Theorem 1 1.3 1 are used. The last step is to 
derive a contradiction by checking balance via a Pohozaev type inequality in some proper region, 
where a Harnack inequality established by Cabre-Sire [8] or Tan-Xiong [43] is used to obtain the 
asymptotical behavior of Ua near it blowup point in M from that on dM. Some extra arguments 
on dM are needed for cr > ^. 

Theorem 1.3. Let f G L^{dM) with mean value zero, i.e., fg^j f = 0. Then there exists 
a weak solution u G VF^'^+^"(p^^^'^, Af) of ( 1591 ) where eg > depending only on n and a. 
Consequently, if f = Sxq — mj^ for some xq G dM, where 6xq is the delta function at xq and 
\dM\g is the area of dM with respect to the induced metric g, then there exists a weak solution 
u G PFi'i+=o(pi-2<7^ ^j>) p Hl^^{p^-^'' ,JI \ {xo}) of (HI) with mean value zero. Moreover, for 
all X G M\{xo}, 

where Aq,Ai, A2 are positive constants depending only on M, g, n, a, p. 

The proof of Theorem 11. 3| follows from Lemma |A31 Theorem |A. 5 1 and some approximation 
arguments. When a = 1/2, Theorem 11.31 follows directly from Brezis-Strauss [7| and Kenig- 
Pipher |29|. 

Notations. We collect below a list of the main notations used throughout the paper. 

• We always assume that n > 2,a £ (0,1), and p is a smooth defining function as in 
Theorem 11.11 without otherwise stated. Denote q = ,^^2^ ■ 

• For a domain D C R"+^ with boundary dD, we denote d'D as the interior of D n SM""''^ 
in W = dW]^'^ and d"D = dD\ d'D. 



• ForxGM"+\i3,.(x) := {x G M"+i :\x-x\ = v^(xi - xi)2 + • • • + (x„+i - x„+i)2 < 
r}, B+{x) := Brlx) n M!;:+\ If x G 5M'^+\ Br{x) := {x = (x',0) : \x' - x'\ < r}. 
Hence d'B^{x) = Bj.{x) if x G (9M"^^. We will not keep writing the center x if x = 0. 
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2 Preliminaries 

Proposition 2.1. For any u € C^(R_^_ ), we have 

2 

([ \uix',0)\'^dx']'' <S{n,a) [ x^+f |Vn(x)|2 dx. 

\Jr" J Jri+^ 

Moreover, the above inequality fails if S{n, a) is replaced by any smaller constant. 

Proof It follows from © and Lemma A.3 of f2E\. See also Corollary 5.3 of im. D 

Proposition 2.2. Let M be as in Theorem \l.l\ Let a € (0, 1), and p be a defining function of 
dM with \Vgp\ = 1 on dM. Suppose there exist some positive constants S and A such that, for 
allueH^ip^-^^.M), 

2 

JdM J Jm JdM 

Then S > S{n, a). 

Proof. Given Proposition 12.11 the proof is standard (see, e.g., Proposition 4.2of ll24l ). We include 
it here for completeness and to illustrate the role of | V/?| = 1. We argue by contradiction. Suppose 
that there exists a Riemannian manifold (M, g), a defining function p of dM with \Vgp\ = 1 on 
dM, a e (0, 1), S < S{n, a) and i > such that for all u G H^ip^-"^" ,M), 

2 

\u\'^dSg]''<sfp^-'^''\VgU\'^dVg+AJ lupdSg. (6) 

dM J JM JdM 

Let X G dM. For any e > 0, which will be chosen sufficiently small, there exists a chart (17, 93) 
of M at 2; and 5 > {) such that (/?($!) = S^(0) the upper half Euclidean ball of center and radius 

5inM'^+\and 

{l-e)5ij<gij<{l + e)6^j. (7) 

By assumption, © holds for any u G C~(il U {dQ. n dM)), i.e., 

uWl det{gij) dx'\ <S f p^-^''g'^UiUjJdet{gij)dx 
Bs(0) V / Jb+{0) V 



+ A I \u\'^ J det{gij) dx' . 

5(0) ^ 



It follows from dTJl, \Vgp\ = 1 and p = on dM that there exists 5q > 0, S" < 5(n, a), Ji' > 
such that for all <5 G (0, 5q) and u G C^{Bs{^) U ^^(O)), i.e., 

|n|9dx') <S' [ j;^-f |Vn|2dx + i' / jn^dx'. 
i(0) / JB+{0) JBsiO) 

2 

By Holder's inequality, J^ ,-. \u\'^ dx' < \Bs{0)\~^ (j^ ,q-. |u|'dx') '. By choosing 6 suffi- 
ciently small, we have that there exists S" < S{n, a) such that for all u G C^{BsiO) U ^^(O)) 



/ \u\idx'y <S" [ x^;f|Vupdx. 

Jb,(0) / Jt3t(0) 



IBs{0) J Jb+{o) 

Consequently, by a scaling argument, we have 



u{x',0)\'^dx'] <S" xl-^f\Vu{x)\^dx. 



for any u G C^(M+ ), which contradicts Proposition 12. II D 

Proposition 2.3. Assume the assumptions in Proposition \2.2\ Then for any e > there exists a 
positive constant Bf, such that 



2 

Inl'^dsg) <{S{n,cj)+e) [ p^-^^lVgul"^ dvg + Be f p^'^^lul"^ dvg. 

dM ) JM Jm 

Proof. It also follows from Proposition 12. 11 and a standard partition of unity argument, see, e.g.. 
Theorem 4.5 of [24] on page 95. D 

For every a > 0, consider the functional 

r -, fnr P^'^^l^aUl'^ dVa -ir a fr..r\u\'^ dSa i . i 9„ ^ 

I^[u] = ^^^^ ^ ^ J9M±J i, ue H\p^~^'',M), u^OondM. 



ilaMM'dsgf 
Proposition 2.4. Suppose that for some a > 0, 



Ca := inf Ia[u] < —, r, (8) 

u€m{p^-2'',M),u\gM^0 S{n,a) 



then ^a is achieved by a nonnegative function Ua G H {p ,M) with 



KdSg = l. (9) 



dM 



Proof. Given Proposition 12.31 the Proposition follows from standard calculus of variations, see 
page 452 of 121. D 



Proposition 2.5. Assume the assumptions in Proposition \2.2\ For any e > 0, there exists a 
positive constant A^ such that 

2 

kl^dsg) <{S{n,(j)+e) [ p^-'^''\Vgu\'^ dvg + As [ \u\'^dsg. 

dM J Jm JdM 

Proof. Given Propositions |2.3| and |2.4[ and Corollary |A. 11 the proof of Proposition |2.5| is similar 
to Proposition 1 .2 of [32.1 and we omit it here. D 

3 Asymptotic analysis 

For brevity, from now on we write S instead of S{n, a). We prove Theorem I l.ll bv contradiction. 
Namely, assume that for any a > 1, 

e. < ^, (10) 

where S,a is defined as in Proposition 12.41 Let Ua be some nonnegative minimizer of /„ obtained 
in Proposition 12.41 which satisfies 

^a= I P^~^^\VgUa\'^dVg + a I U^ dSg, / < dSg = 1, (11) 

Jm JdM JdM 

and for any ip G H^{p^-^'^, M), 

I P^''^''{VgUa,Vgip)gdVg + a U^^ dS g = ^a Ul'^ifdSg. (12) 

Jm JdM JdM 

The geodesic distance function d{x) := dist(x, dM) determines for some eo > an identifi- 
cation of dM X [0, Eq) with a neighborhood of dM in M: {x' , d) G dM x [0, eo) corresponds to 
the point obtained by following the integral curve of Vgd emanating from x' for d units of time. 
Furthermore, Vgd is orthogonal to the slices dM x {d}. Define u := —Vgd for d < Sq. It follows 
from Theorem O Theorem |A3] and Proposition Othat n„ G C^iM) D C°°{M) n C°°{dM) 
for some 7 G (0, 1) and p^^'^'^-^^ G C{dM x [0, eo/2])- Hence, Ua satisfies the Euler-Lagrange 
equation 

' divg {p^^'^^VgU^ = 0, in M, 

d V (13) 

\\Tn p^-'^'' {x\d)^^{x' , p) = ia.ut\x') - au^{x'), on dM. 
V d— 5-0 dv 

in the pointwise sense. 



It follows from the maximum principle that maxjg- Uq = maxQM Ua- hetUa{xa) = raax-jj-Ua 

2 

where Xa G dM, and Ha = ^ia(3;o) "-^.r . By a Hopf Lemma (see, e.g., Proposition 4.11 in 1181). 
we have ^.a^aixaY"^ — aua{xa) > 0, that is 

Q//2- < ^„. (14) 

Hence, liniQ-^oo /J-'^ = 0. 
Lemma 3.1. As a ^- oo, we have 

Ca ^ ^, (15a) 

(^\Wa\\h{dM) ^^- (15b) 

Proof. For all small e > 0, it follows from Proposition I2.5l that 

l<iS + e) [ p^-^'^lVgUal^ dVg + Ae I ul dSg 
Jm JdM 

= {S + £)Ca + (As -{3 + e)a) / ul dsg. 

JdM 

Hence, for every a > ^^ we have 

1 ^ 1 S f o 

dM 



5+e-^-<5' rL/"^'^<:s- 



(I15al ) and (I15bl) follow immediately. D 

Let x = (xi, • • • , Xn,Xn+i) = {x\ Xn+i) be Fermi coordinates (see, e.g., fl51) at Xa, where 
(xi, • • • ,Xn) are normal coordinates on dM at Xq and 7(xn+i) is the geodesic leaving from 
(xi, •, x„) in the orthogonal direction to dM and parametrized by arc length. In this coordinate 
system, 

y^ 5'ij(x)dxidxj = dx^+i+ ^ 5(jj(x)dxidxj. 

l<i,j<n+l l<«ji<" 

Moreover, g"^^ has the following Taylor expansion near dM: 
Lemma 3.2 (Lemma 3.2 in flSl). For {x^j^^i ... „_|_i are ^maZZ, 

gii{x) = 5*^' + 2/i^J(x',0)x„+i +0(|x|2), (16) 

where i,j = l,---,n and hij is the second fundamental form ofdM. 



For suitably small (5o > (independent of a), we define Va in a neighborhood of Xq, = by 



It follows that 



d^ygAPc. '^ac.va =0, 



inB 



lini,„+i^o+ Pa~'"%;?^ = Cat-r' - a/i^'^^a, on d'Bt,.. =5,„/„. (17) 

Va{0) = 1, < t;„ < 1, 



'+ — rs 



where ga{x) = gij{iJ.ax)dxidxj, pa{x) = p{iia.x) / jJ-a- It follows from (IT4l ) and Theorem IA.2l in 
the Appendix that for all i? > 1, 

Il^«llc7(e+) + ll^«ll/fi(pi-2'^ g+) < C{R), for all sufficiently large a, (18) 



where 7 G (0, 1) is independent of R and a. It follows that there exists u G Cj 
-^/oc(^n+i'^' ^+ ) ^^'^l' 'l^^'- ^lorig some subsequence, 



7 / 

loc\ 



n 



U„ — ?• !> 



inC77/2(^+), 



\v^ ^v weakly in /^-i (x^+f , S+ ) 
for any R > as a ^ 00. Since Uq,(0) = 1, we have 

/ <ds,„>l/C>0, 

JBi 

I vldSg^> I/O Q. 

JBi 

On the other hand, 



(19) 



(20) 



> a 



2 _ 2(7 / 2 



«lPa|lL2{9M) , 

where we abused notation by denoting Br{xa) as the geodesic ball on dM centered at Xa with 
radius r. It follows from (I15bl ) and (l20l ) that 



lim a/^Q,'^ = 0. 

a— >-oo 



(21) 



From (ITtI i. (1211 and (I15al ). we conclude that f is a weak solution (see Section lAi2l for the definition 
of weak solutions) of 



diw{xl-^\^Vv) = 0, 



x„+i->-0+ o 

^;(0) = 1, 0<t;<l. 



q-l 



m . 



on 



il+\ 



+ ' 



(22) 



10 



By a Liouville type theorem, Theorem 1.5 in 

( n — 2cr 

— — rrrP?) ,vix',Xn+i)= Vaix' -y',Xn+i)v{y',0)dy', 

l + c{n,a)\x'\^J JKn 

where c(n, a) is a positive constant such that f^,^ v'^{z) dz = 1, and V(j{x) is given in ([T]). Due 
to the uniqueness of the Umit function v, we know that (IT9l ) holds for all a — )• cxd. 

Proposition 3.1. For 5q = 5q{M, g) > small enough, 

lira 

a— )-00 ; n 

Proof. Note that Va > and 

< < / < = 1. (23) 



S«0/M« -^9^^ 



For any e > 0, choose R > such that /rkn^ t'''(x',0)dx' < e. It follows from ( fT9l ) that 
/b ba — ^I'^ < £ and 1 — /g Va < 2e for all a sufficiently large. Then 



/. 



krv -f^l"^ 



-^^o/a'o 



ba - I'l'^ + / \Va - I'l' 

< [ \vo,-v\^ + 2'^ [ < + 25 /" t^^ 

<e + 2'i{l- I vl) + 2'i{l- f t;«)<e(l + 3-2^), 

which finishes the proof. D 

Corollary 3.1. For all (5i > we /lave 

lim / n^ = 1. 

Proof. It follows immediately from Proposition 13.11 D 

Let Ga be the weak solution of 

divg(/5i-2-V3G'„) = 0, inM, 

constructed in Theorem IA.5I We can find a positive constant C > sufficiently large depending 
only on Af , g, n, a, p such that Ga '■= Ga + C > 1 on M. 

11 



Proposition 3.2. Let ipa{x) = fia ^ Ga{x), gtj = (fa ^^ dij <^nd a = 2 



2(n-l) 
n— 2(T ■ 



Then Wa '■- 



^ satisfies 



divg ( (^>^-"'^VgW;„J = 0, 



mM, 



lirn , y>^~^" "^""^^^ < ea<~'(S), X G 9M \ {:e<,}, 



(24) 



_y->xG9M 



9i> 



for a > TfTTTi-. 

J — \dM\g 

Proof. The proof follows from some direct computations. For brevity, we drop the subscript a of 
Lpa and Ua- First of all, 



div^f^V^'^V^ 






n — 2a 



0. 



On the other hand, in Fermi coordinate system centered at x. 



lim ^Vi-2.||(!i) 

Xn+i-^O \ipdXn+l Lp^ dXn+\ 



•rn+l,n+l 



a-1 V 

(y9 n-2(T 



n + 2a- 



(^Q,n"-2<j — aii) + 9?'' "-'^'^ufia ^ 



9x„+i 
1 



\dM\ 



n + 2cr 

nV-2- „_2-- 



-2-n^a' ( 



|9M|, 



a 



<ea 


n + 2<T 
t U \ ^^2a 


provided a > ^^ 





D 



Proposition 3.3. Suppose the assumptions in Proposition 
depending only on M, g, n, p, a such that for all a > 1, 



Then there exists some constant C 



Wa < C, on dM. 



12 



Proof. In the following, C denotes some constant which may depend on M, g, n, p, a but not on 
a and may vary from line to line. 

It suffices to prove the proposition for large a, in particular, say, a > max{ i g^/i ; 1}- Let 



p := Lfa " p- Then (1241 ) can be rewritten as 



divg (p^''^''VgWa] = 0, in M, 

B-in (ii\ (25) 

lim ^1-2- !V^ < iawl~\x), for x G ^M \ {x,}, 

where the limit is taken in the sense explained in the paragraph above (|T3] ). In the following, we 
shall abuse notation a little by writing 'ip~^{B^{Q)) as B'^{d) where (^~^(;B^(0)), ^) is a Fermi 
coordinate of M at Xa, and denoting Bs{xa) as the geodesic ball on dM centered at Xa with 
radius 6 as before. Note that the interior of B^ (0) n dM is Bs{xa)- 
Step 1. We claim that there exist some constants < S2 '^ I, sq > q independent of a such that 

<" dsg < C. (26) 

For any e > 0, it follows from Proposition 13.11 that there exists a small 82 such that 



/ 



wi dsg = u^ dsg 



= 1-1 vl (27) 



a 

1/02 



< e. 



Without loss of generality, we may assume lOpa/82 < ^o where 60 is the constant such that 
the Fermi coordinate system centered at Xa exists in B'^ (xa)- 
We choose t] to be some cutoff function satisfying 

r]{x) = 1 if |x| > Pa/S2, 'n{x) = if |x| < ^a/(2(52), 

and r] = ??(|x|) in the Fermi coordinate system centered at Xq. 
Multiplying (1251 ) by tt;^??^ for fe > 1 and integrating by parts, we obtain 

/ p'-^^VgW^VgiwW)dVg < ^^ / W^'^'' T]"" dS g . 

JM JdM 
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By a direct computation, we see that 

Jm 

- ^ / ^l-a^Tly,/ {fc+l)/2 X|2 . , Ji^lJ_ f u;fc+l div- /"o^-^ay 2\ . 



Ak 



pi~2-u;^i|Vgr?|2dt;5, 



where we have used that linip^o P^ ^'^ -^ = since -q is radial. In conclusion, we obtain 



+ M^±I1! / wl-^+'^if d.a 



4A: 



aAf 



Since g^^ ~ ^2^^^' j^^ g+ ^^^^(a,^) \ S+^^^^^^^(a;„), we have 

|V^7?| + |V?7?| < C. 

Since r/ is radial in the Fermi coordinate system, using (I65al i. (I65bl i and (I65cl) . we have 

|diV5(pl-2<xy,^2)|<^~l-2._ 

Taking l<A;<g — lin (l28l) and using Theorem lA.il and Theorem IA.5I it follows that 



M 



4A; JoM 



<Cik,62) + 



Uk + lf ^ r ^2/'' 



4k 



VJaAf 



<C(A:,52) + Ce('^-2)/'^ / pi-2nV^(4'+')/%)|2dz;^ 



9' 
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JM 



where we used 

-l-2cr„ ,fc+l 

J^''^K./.,\K./i..,)) ^'^ (29) 

< (7(^2) / /Oa(-z)"'^~^'^Wa(-z)'^'''"'^ dwg^ by changing Variables 

Jl/{252)<kl<l/52 

<Cik,62), 

and Pa{z), Va{z) are those in dTT] ). 

Taking e > sufficiendy small, we have 

M 

The claim follows immediately from Theorem lA.ll in the Appendix. 

Step 2. We shall complete the proof by Moser's iterations. Set, for 6 = ^2/10, 

(2_2-a-i)) 

Ri — fla J , / — 1,2,3, .... 



We choose r]i to be some cutoff function satisfying 

rii{x) = 1 if |x| > Ri+i, r]i{x) = if |2;| < Ri, 

and rji = ??/(|x|) in the Fermi coordinate system centered at Xa- 

Since g^^ ~ l^a^^'' in ^2a is (^°) \ ^t- /(45 ) ^^"^ ^^'^ ^' ^^ radial in the Fermi coordinate system, 
we have 

o 2 

|Vgr/;| < C2', I diVg(pi-2'^Vg??f )| < C4'pi-2a^ ^^^^ ^-^ pi-2<7^ ^ 0^ 



In view of ( |28l ), we have 



M 

JAfn(B+^^(x<,)\B+ (x,)) fe JdM\BR^(xc.) 
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Set tq = so/{q — 2), where sq is given in the step 1. It follows Holder inequality and (|26] | that 
/ <-i+^ ds~, = [ 



<-i+^ ds~, = / <-'«;^^ ds-, 



\ {ro-l)/ro (31) 

<C{ I 4'=+^)'-o/(^«-l)dsJ 

Computing as ( |29] ). we see that 

J2-2-('~^)<S\z\<2~2-l 

b: 



and 



-^2/S 



)(ro-l)/ro 

/ \ ('"o-l)Ao 

\Jl<5|z'|<2 / 



> C^(^+i) mill t;^i. 

Hence, it follows from ( |T9l ) that 

^ i/(fc+i) 

/Mn{B+^^{:E„)\BS^(x,)) 

/ \ (ro-l)/ro{fc+l) 

It follows from Theorem [Al] ^, dlB and ^ that 

\ 2/{fc+l)g 
4'=+^)''/2 d.^ 

rrA-+n2\l/(fc+l) / /• x (ro-l)/ro(fc+l) 

aAf\Bfl;(x„) y 
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(32) 



(33) 



Set X := V • i = 1 + T?^ > 1> 90 = i^,, qi = Ql-i ■ X = X^'U and pi 
qi{rQ — l)/ro = 2%' where I > 1. Taking k = pi — lin (|33] ). we obtain 






.1 Cpf 



cpf y/^' 



Therefore, 

OO / 

OO 

1=1 
< C'll'«^a||LPi(SM\Bfl^)- 

Sending / to oo, we have 

lka||L-(0M\B2^„/,(x„)) < C. (34) 

By the choice of Ga, fa{x) > C^^fia for x G B2^^/s{xa)- Hence, for x G 

-S2/ic,/5(a;a), 

u'.(x) = ^ < C/.(r-'^^/'^a(^) < C. (35) 

(/9q,(x) 

In view of (l34l) and (l35l) . we completed the proof of the proposition. D 

Corollary 3.2. There exists a positive constant C depending only on M, g, n, p, a such that 

Ua{x) < CUa{Xa)~^(i\siQM,g{x,Xa)'^^~^ -I far all X G OM. 

Proof. It follows immediately from Proposition 13.31 D 

4 Proofs of the main theorems 

Let Ua and Xa be as in Section [3] We will still use Fermi coordinates x = {xi, • • • , Xn+i) 
centered at Xa- In this coordinate system, 

y^ gij{x)dxidxj = dxl_^^i+ ^ gij{x)dxidxj, for |x| < (5o, 

l<ij<n+l l<'ij<" 

where (5o > is independent of a. Then we have 

'div3(p(x)i-2-VgU„(x)) =0, ini3+, 

- lim p(x)i-2-^!^ = ^^^^-i(^'^0)-an«(x',0), on 9'^+ ^^^^ 
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Proposition 4.1. There exists a positive constant C independent of a such that 
Proof. By Corollary O 

Ua{x',0) < CUaiOy^Wl^"-'', \x'\ < Sq. (37) 

Let r := \x\ < lOa^ ' , (paix) = r^^~Ua{rx). Then (/)q, satisfies 

'd\w-g[p{xY-^''VgMx)] = 0, in 5+/^, 

'- lim p(x)i-2-^^=e,</>r'(x',O)-ar2-0,(x',O), on 9'fi+ ^^^^ 

where p{x) = p{rx)/r, g{x) = gij{rx)dxidxj. Since Xq = is a maximum point of Ua, it 
follows from (|37| | that 

(j)a{x',0) = r^-Ua{rx',0) <Cr^{r\x'\) ~ < C, - < |x'| < 2. (39) 



Applying the Hamack inequality in lH or P3l and standard Harnack inequality for uniformly 

1 

2 



elliptic equations to i;^^ in {x : ^ < |2;| < 2, Xn+i > 0}, we conclude that 



max (/>« < C min 
B 

Hence, by ( [37] | 



^3/2\^3/4 ^3/2^^3/4 



Ua{x) < Cu{x',0) < C7u„(0)-^|x|2'^-", 
where \x'\ = \x\. By the arbitrary choice of x, the proposition follows immediately. D 

Let fia = UaiO)~"^^, Ra = (a^/^'^/Ua)"\ ga = gijiiiax)dxidxj and paix) = Bii^ in 



^lORa- ^^^ ''^oi{x) = Pa'^ UaiPax) for X € BJq^ . It follows that 



lORa 

nm,.„/,^o Pi^'"'^ = ^av^-' - apl^v^, on 9'^+ ^^ = B,or^ (40) 

Ua(0) = 1, < u„ < L 

By Proposition 14. 11 

Vaix) < i— 1 ^~5 X G -Sine. . (41) 



18 



Proposition 4.2. For all a> I, x e B~^ (0), we have 

C 



\yx'Va{x',Xn+l)\ < 



1 + |x|"+l~2'^' 
\Vl,Vaix',Xn+l)\ < 



l2 ' I ^ ' - ^ 



\ _(_ \rr\n^2—2a ' 






1 + |x|" 

Proof. Given Theorem |A3] and Proposition lA. 1 [ the proofs follow from ((4TI) and standard rescal- 
ing arguments (see, e.g., Proposition 3.1 of ll32l ). D 

Proof of Theorem [O] We complete the proof of Theorem II. II by checking balance via a Po- 
hozaev type inequality. 

It follows from direct computations that 



2div(x^;fVv^)(V?;„-x) 



(42) 



(43) 



= div(2x^;f (Vz;, • x)Vv^ - x];^^\Vv^fx) + (n - 2a)x^;f |Vt;^p. 
Integrating both sides of (l42l ) over S^ , we have 

I div(x^;f Vt;,) (Vt>„ • x) dx - ^^^ /" x^;f I Vr;, 1 2 dx 
Jb% ^ Jb+ 

JrCoc JrLa 

= 11 div(2x^-f (Vfa • x)Vt;„ - x^-f iVv^l^x) dx. 

Integrating by parts, we obtain 

I f div(2xi;f (Vi;„ • x)Vva - x^-f IVtj^Px) dx 

= — / > Xi— — dx + / X x„ , 1 H:^ Vuq do 

where ^ j" := lim xT,'^— — ^ and 9tan denotes the tangential differentiation on 9"^ p . 
On the other hand, 

/ xli+l''\^Va\'^dx = - div(x^+^i'^Vt;a)?;Q,dx 

Jb+ Jb+ 

_ / y ^!^dx'+ / X'-'^'^V ^dS 



i?a ^o 
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In summary, we obtain 



div(x^4'"Vt;a)(Vt;„ ■x)dx + 

B'{Ra,Va) + B"{Ra,Va), 



n — 2a 



diY{x^^^^'^\7va)va dx 



(44) 



where 






B"{R^,v^) = I [ \x\xlir({^)' - l^tant^^P) + (n - 2a)xi;f 

^ Jd"Bt \ OU / 



1-2-^^5^ d5. 



9t 



Note that 






9, 



«J. 



dxj dxi 



+ pi~"'9ili 



dxidxj 






div(x^^rv..) + j: 5^'^^^^^+ 



5t;„9pi-2a .api-2a 9x^;fx dvg (45) 



l<ij<n 



Sxj 9Xo V dXn+1 dXn+1 ' dXn+1 



, „l~2a( ij _ Hi-, d Vg . l-2a _ ^l-2ax a _ „l'2a ij-pk^ 



dXidXj 



where F^ is the Christoffel symbol oi ga- It is easy to see that 

K{x)-6'^<Cpa\x\, 



\1-2(T „l-2cr 



ITj,'! < C/iQ, 






dpa{x 



,l-2o- 



5a:,; 



< Cpax\^i for i < n + 1, 



5pq(x' 



,i-2fT Br^-'^'' 



Indeed, 



\pa{x) 



dXn+l dXn+1 



l-2<7 _ „1-2<7| _ l-2a 



p(;[iQ,x) \ l-2a 



a-2a 



1 

PaXn+1 ' 

PaXn+1 + 0(;Uaa;„+l)^^ 1-2(7 



PaXn+l 
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(46a) 
(46b) 
(46c) 

(46d) 
(46e) 



and 

— ;l - la)pa[x) 



dxi V dxi dxi 



^a 



— C^l^a^n+1 ■ 



It follows from ^, (041), ^ and (|46al)-(|46el) that 

< Cfla / xl^l^'iVa + \VVa ■ x\){\VVa\ + |x||V^.,fa| + Xn+l\AVa\) dx. 



(47) 






Since ^ lim,^pi--^^ = -,^ on d'E^^, 






in "A' "^ 

-t; 

where integrations by parts were used in the second equality. Clearly, 



B"{R^,v^) = 0{ I x^ 



^+m\x\\Vve,\'^ + v^\Vve,\)dS 



Therefore, we obtain 



l"" I vldx' 

d'Bi 






<Cpa I x\j^{'{Vo, + \S/Voc-x\){\VVa\ + \x\\Vl,Voc\+Xn+l\^Voc\)dx (48) 

+ C I xl-^\%\x\\Vv^\'' + Va\yvo\)dS + C I apl^vlR^dS. 

Jd"B+^ JdBR^ 

Since div^^ (pi~^'^Vg^7;„) = and gT'^^ = for i < n + 1, 

\dl_^-^Va{x' , Xn+l)\ < C(//a|Vt;a| + \d^+lVa\x:^li + |V^,Wa|). (49) 
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It follows from (|48]l, (091) and Proposition 1431 that 



a/i, 



Jd'l 



id'Bl 






„2o--l 



„4cr-2 



T^ *-^ / , -^n+l I Tj2n+l-4o- ^ o2n-2o- ^ o2n-l ; ^o T L/ _4^ 



„1-2<T 



<CfI^J^^ ^(l + |x|)2"+l-4- ' (l + |^|)2n-2.' 

+ CRl^-^ [ (yi;f + 1 + y2-i) dS + C 



dx 

„,,2(T 



71— 4o- 



< 






C7^„ + C(a^f )^^ + Ca^ii^R, 



2(7 04(7— n 



n > 2cr + 1. 



For cr = 1/2 and n = 2, Theorem [TTT] was proved in ll32l . Hence, we may assume that n > 2a +1. 
Since a G (0, 1/2], n > 2cr + 1 > 4(t. Therefore, 



o<^< 



v„ dx' — )• 0, as a — )■ CO 



a'B^ 



which is a contradiction. 

Proof of Theorem \L2\ Since dM is totally geodesic. Lemma \y2\ implies that 

Since p = (i(x) + 0{d{x)^), it follows that 

^ ,2 ^3-2(7 
5/9a(x)l-2^ 



In (''r'|l~2(7 _ ^l-2cr| ^ ^ z^-za 



9xi 



dpa{x) 



1-2(7 



1-2(7 



CX„^-|_ 



5x„+i 5x„+i 



<C/i^x24", i<n + l, 



— ^f-a^n+l • 



U 



(50a) 
(50b) 



(51a) 
(51b) 

(51c) 
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Similar to (I48I ). we have 



Jd'Bt 

Jria 

<Cnl xl;il''{Va + \VVa-x\){\x\\VVa\ + \x\'^\Vl,Va\+xl^l\AVa\)dx (52) 

Jb+ 
+ C I xl-^^"{\x\\Vva,\^ + Va,\Vv^\)dS + C f ai?^vlRa,dS. 

It follows from (|49ll, dm and Proposition |43] that 

Jd'B+ 

Hot 

< Cfil [ x^-f (t;^ + |Vf„ •x|)(|x||Vt;„| + |x|2|v2,t;^|) dx 
Jb+ 

+ C/ x^:;f(|x||Vt;«|2+t;^|Vz;„|)d5 + C / a/i>2^„d5 

Jd"B+^ JdBn^ 

JBt U + |X|j 

provided n > 2 + 2a (i.e., n > 4). Therefore, 

1 /" 2 , / 

< — < / t;„ dx — ^ as a — > oo, 

which is a contradiction. D 

A Appendix 

A.l A trace inequality 

Let (M, g) be a smooth, compact Riemannian manifold of dimension n + 1 (n > 2) with bound- 
ary. 

Lemma A.l. For n > 2, there exists some positive constant C = C{n,a) such that for all 
u G H^ {x^-^ ,Bf), u = in an open neighborhood ofx = 0, we have 



^, i_ \rrl\1n I — / L |™|2n— 4o- 

d'B+ F I / JB{ 1^1 
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Proof. By the assumption of u, there exists a positive constant // = ii{u) > such that u = for 
\x\ < fi with Xn+i > 0. Consider 

Viy) = « ( 712 ) ' lyl > 1' yn+l > 0. 

Vlyr/ 

It is easy to see that 

v{y) = 0, for all \y\ > l/fi, y„+i > 0, 

and for some C(n) > 0, 

\^f^dx' = Cin) f Hy'M'dy', 

d'B+ kr" J\y'\>l 

and 

By some appropriate extension of v to \y\ < 1, it follows from Q that 

^^(y',0)rdy' < C{n,a) f y^;f |Vi-(y)|2 dy. 

The proof is completed. D 

Lemma A.2. For 6 > 0, there exists C = C{M,g,n,a,6, p) > such that for all xq G dM, 

\U{X)A + [ pl-2-|u(x)|2 

^ dM\Bs(xo) J JM\B+ixo) 

[ p^'^^\V^u\'+ [ _ \u{x)\A. 

Jm\B+2{xo) JdMniBs{xo)\Bs/2ixo)) J 



u G H^{p^-'^'',M \Bs /2{xo)), we have 



exists a sequence of points {xj} G dM, {ui} G H^{p^ ^'^, M \ ,Bt,„(xi)) satisfying 



Proof. We prove (1531 ) by contradiction. Suppose the contrary of (l5Ji that for some 5 > 0, there 

|n,(x)r + / pi-2nn,(x)|2 = 1, (54) 

ldM\Bs{x,) J Jm\B+(x,) 

but 

/ p^-^''\VgUif+ [ _ \ui{x)\^<-. (55) 

JM\B+^^{x,) JdMn{Bs{x,)\Bs/2{x^)) ^ 
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After passing to some subsequence, {uj} converges weakly to u in H^{p^ '^'^ , M \ B'^{xi)). By 
( [55l ). u = 0. It follows from a compact Sobolev embedding in Proposition |A.2| that 



/ 



pi-2-|ni(x)|2^0. 



By a trace embedding in Proposition 12.31 we also conclude that 



Jdl 



\ 2/g 

\uix)\'i] ^0. 



laM\Bs{xi) 

Therefore, we reach a contradiction to (l54l . D 

Theorem A.l. There exists some constant C = C{M,g, p,n,a) such that for all xq G dM, 

IJ.> 0, ue H^ip^^"^", M), u = Oin{x e M : dist(x, xq) < p}, we have 



/aMdist(x,xo)2« V " A/dist(x,xo)2«-4- 3- 
Proof. The theorem follows clearly from Lemma lA.lJ and Lemma lA.2l D 

A.2 Regularity results for degenerate elliptic equations 

Suppose that a*-' {x),l < i,j < n + 1, is a smooth positive definite matrix-valued in B2 and there 
exists a positive constant A > 1 such that 

Suppose also that 

^i,n+i = a«+i-i = ofori<n + l. 

Consider 

''^(x^fiV^(x)4n(x))=0, in^+, 

- lim x^;fa"+^'"+i|^ = 6(x')n + /(x'), on9'^2+. ^^^^ 

a:„+i->-0+ OXn+l 

We say u £ {{^{xl^^^"" ,62) is a weak solution of ([561) if 



du dip 
forall^EC,°°(Sjua'eJ). 



x^;ra*^(x) — -^ = / h{x')u{x\Q)ip{x',Q) + f{x'Mx\Q) 
B+ ^Xj axi Jq,q+ 
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Theorem A.2. Suppose thatb,f G U'{B2) for some p > ^. Let u G H^{xl^^^,B2) be 
a weak solution of (I56I ). Then there exist constants 7 G (0, 1), C > depending only on 

n,a,A,p, ||6||lp{_b2) ■^"^'^ ^^^^ '^ £ C^iBf) and 



I^IIC7(B+) ^ C'(ll^llLi(4-f ,^2+) + \\f\\LP(B2))- 



Proof It follows from a modification of the proof of Proposition 2.4 in 11261 . which uses standard 
Moser iteration techniques. D 

Theorem A.3. Suppose that b, f £ C^{B2)for some < 13 ^ N. Let u € H'^{xl^^^'', B2) be a 
weak solution of (l56l ). Suppose that 2a + (3 is not an integer Then x^~^^ a" ^ ^i^i)' '^^^ 
u(-,0) G C'^''+P{Bi). Moreover, 



^\-2a du{x) 

"+1 dXr 



_ +h(-,0)||c.2a+,3(s^) < C(||u||j-2. 1 2ag+) + ||/||c.,9(B2)) 

c(e+) + 



where C > depending only on n, a, A, /3, ||?)||(7/3(B2)- 

Proof. It follows from modifications of the proofs of Theorem 2.3 and Lemma 2.3 in f26l . D 

Proposition A.l. Let b,f£ C^{B2), u G H^{x]^^ ,82) be a weak solution of (l56l ). where k is 
a positive integer Then we have 

k 

Y^ W^i'^L^iBt) ^ '^(ll^llL2(4;f ,B+) + ll/lb'=(B2))' 
3=1 

where C > depending only on n, a, A, /3, ||6||cfc(B2)- 

Proof. It follows from a modification of the proof of Proposition 2.5 in |[26l . D 



A.3 Degenerate elliptic equations with conormal boundary conditions involving 
measures 

We start with some Sobolev embeddings. For every p G [1, +00), we define W^'P{p^^'^'^, M) as 
the closure of C°^{M) under the norm 

ll«lliyi.p(pi-2-,M) = ( / P^"^'^(l^r + |Vu|P)d7;gj , 

where dvg denote the volume form of (M, g). W^'^{p^~'^'^ , M) is a Banach space for all p G 
[1, +00) (see QUI '). The following Proposition follows directly from Theorem 8.8 and Theorem 
8.12in||23l. 
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Proposition A.2. Let Q, be a bounded domain in ]R"+^ with Lipschitz boundary dO,. Let a G 
(0, 1), 1 < p < (7 < oo with ^^ > p ~ q '^^^ '^(^) ^^ ^^^ distance from x to d^. 

(i) Suppose that 2 - 2a < p. Then W^'P{cf^'^'' , 0,) is compactly embedded in L''((i^"^'^, Q) 

if 

2 -2a 1 1 

p{n + 2 — 2a) p q 

(ii) Suppose that 2 — 2a > p. Then W^''P{d^~'^'^ ,0.) is compactly embedded in L'^ {d^~'^'^ , 0.) 

if and only if 

1 1 1 
> . 



n + 2 — 2a p q 

Corollary A.l. For n > 2, let (M, g) be an n + 1 dimensional, compact, smooth Riemannian 

manifold with smooth boundary dM. Let a G (0, 1), and p be a defining function of M with 

\Vgp\ = Ion dM. Letl <p<q <oo with ^ > | - |- 

(i) Suppose that 2-2a <p. Then W^'P{p^~'^'' , M) is compactly embedded in L'^ {d^^^" , M) 

if 

2 -2a 1 1 

p{n + 2 — 2a) p q 

(ii) Suppose that2-2a > p. Then W^'P{d^'''^'^ , M) is compactly embedded in L'' {d^'"^"" , M) 

if and only if 

1 1 1 



n + 2 — 2a p q 
Proof. It follows from Proposition IA.2l and partition of unity. D 

Proposition A. 3. For n > 2, let (M, g) be an n + 1 dimensional, compact, smooth Riemannian 
manifold with smooth boundary dM. Let a G (0, 1), pbe a defining function ofM with | Vgpl = 1 

on dM, and {u)m,p = I m P^'^'^ ^ '^^9 1 1 M P^~'^" '^^9- ^^ 1 < p < 00. Then there exists a 
constant C, depending only on M, g^p^ n, a and p, such that 

Ik - (^)M,p||LP(pi-2'^,Af) < C'I|V3^IIlp(p1-2'^,M) (57) 

for every function u G W^'P{p^^'^"' , M). 

Proof. We argue by contradiction. Were the stated estimate false, there would exist for each 
integer k = 1,2,- ■ ■ a function Uk G W^'P{p^^^^ , M) satisfying 

\Wk — (^fc)M,p||LP{pi-2<^,M) > ^l|Vg^fc||LP(pi-2'T,M)- 

For each k, define 

■" - {u)m,p 
Vk-=7r 



(^)Af,p||LP(pi-2<^,M) 
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Then 

By Corollary lA.ll there exists a subsequence of {vk}, which is still denoted as {vk}, and a 
function v £ U'ip^^'^'', M) such that 

Vk^v in L'P{p^-^'',M), t;fe ^ t; in W^'Pip^-"^"" ,M). 

Consequently, 

{v)m,p = 0, ||^^||LP{pi-2-,M) = 1, l|Vgt;||LP(pi-2a^jvf) < ^^ ^^ 1 1 ^g^fc 1 1 LP (pi-2- ,M) = 0. 

We reach a contradiction. D 

Corollary A.2. For n > 2, let (M, g) be an n + 1 dimensional, compact, smooth Riemannian 

manifold with smooth boundary dM. Let a E (0,1), p be a defining function of AI with {Vgpl = 1 

on dM, and {u)m,p = J'm P^^^'^'^^^a/ Im P^~'^'^^^9- ^^ I < p < oo. Then there exists a 
constant Sq depending only on n, a, p such that for any 1 < k < 1 + 6o, 

\\u- {u)m,p\\l''p{p'l-^'^,m) ^ C\\Vgu\\ip(^pi~2a^M) (58) 

for every function u G W^''P{p^~'^^ ,M), where C is a positive constant depending only on 
M,g,p,n,a and p. 

Proof. By Corollary lA.ll there exists a constant 6o depending only on n,a,p such that for any 

l<k<l + 6o, 

\\u - ('")A/,p||Lfep(pi-2<T^jvf) < C'||V(,n||ip(pi-2a^^) + C\\u - (n)M,p||LP(pi-2<T,M) 

< C\\VgU\\Lp(^pl-2a^M) 

where in the last inequality we have used Proposition IA.3I D 

Let (M, g), p be as in Theorem ll.il For a € (0, 1), we consider 



J divg{p^-'^''Vgu) = 0, inM 

\ limy^.^9Mp{y)^-^''^ = f{x) ondM. 

We say u G W^'^{p^^^'^,M) is a weak solution of ^9^ if 

[ P^-^^VgU,Vgip)dVg= [ f if dS g 

Jm Jd'M 

for all 99 G C°°(M). Define ^^ := {u G H^p^''^'',M) : j\,j p^-'^'^udvg = 0}. 
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(59) 



(60) 



Lemma A.3. Let f £ R-^idM) := {H''{dM))*, the dual ofH-''{dM), such that (/, 1) = 0. 
Then (1591 ) admits a unique weak solution u G H^. 

Proof. The lemma follows immediately from Proposition |A3]and the Lax-Milgram theorem. D 

Lemma A. 4. Let f G L'^{dM) with zero mean value, u € H^ be the weak solution of ( I59I ). Then 
for any 9 > 1, 

[ 1-2. IVg^P ^.^. ^J_ 



Proof. In our proofs of this and the next lemma, we adapt some arguments from f&l and lITSl . 

For > 0, let (j)o{r) = J^ ,/^* g if r > and (l>0{r) = —(f>g{—r) if r < 0. It is easy to see that 

ipe ■■= (t>e{u) G -fr^(/9^"^'^,M) and \ip0\ < 1/(6' - 1) onMif 6* > 1. Hence, the Lemma follows 
from multiplying (|60l ) by letting tp = ipQ. D 

Lemma A. 5. Let f G L'^{dM) with zero mean value, u G H^ he the weak solution of ( I59I ). Then 
there exists Eq > depending only on n and a such that for any 1 < t < 1 + Eq, we have 

lkllvFi'^(pi-2'^,M') < C, 
where C > depends only on M, g, a, p, ||/||Li(aM)- 
Proof. By the Holder inequality, 

P^~'^''\VgU\''dVg 

M 

/ r IV 7;|2 \^/V r t9 \(2-^)/2 



<c{e){^j^^p'-^%i + \u\)^dv^ 



(2-r)/2 



where we used Lemma lA!4l in the last inequality and 9 G (1,2) will be chosen later. Applying 
Corollary IA.2l (see also ifTTl ) to c/9g/2 yields that for any \ <k <\ + 5q 



Vfc r IY7 „|2 



/ p'-'^\ve/2-f p'-"'ve/2dvgf'dvA <C P^'^" ' ^^' , dt;„ (62) 
Jm Jm J Jm U + FIJ 



I ii-- 

\r\ 2 



where 5o > depends only on n, a, and C depends only on M, g, a, p, k. Since 4'Q/2{f') 
for \r\ large, it follows from (|62] | and Lemma IA!4] that 

^l-2.|^|/c(2-e)\ dy^<C + C P'-'^'IUI'-Uvg. (63) 
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Choosing 9 close to 1 such that k{2 — 6) = -^^ (this can be achieved as long as r is closed to 1) 
and inserting (|63] ) to (|6T| ). we obtain 



n P^-''''\V gUY d.v\ <C(1 + I pl-2-|u|l-| dVg] 



(64) 



<C + C ( I p^-^^luldvgY 

Since /^^ p^^'^^u dvg = 0, by the Poincare-Sobolev inequahty, Holder inequality and (|64l ). we 
have 

Thus, ||^i||Li(pi-2<^,Af) < C because f < 1- Therefore, the lemma follows immediately from (|64] | 
and the Poincare-Sobolev inequality. 

D 

Theorem A.4. For any bounded radon measure f defined on dM with (/, 1) = 0, there exists a 
weak solution u G VF^'i+=o(p^"2a, M) of < 



Proof. The proof follows from Lemma lA3] and lA3] and some standard approximating procedure, 
see, e.g., ifTSl . We omit the details here. D 



Theorem A.5. For xq € dM, let f = 6xo — jomT' ^^^^^ \dM\g is the area ofdM with respect 
to the induced metric g. Then there exists a weak solution u G T^^'^"*"^''(p^~^'^, M) of ( 1591 ) with 
mean value zero and for all x G M\{xo}, 

Aidistg(x, xof"""^ -Ao< u{x) < A2distg{x, xq)^""", (65a) 

|Vta„n| < A3distg(x,xo)^"-"-\ (65b) 



TT- < A^P U-iavgy 

ov 



<A4/0 distg(x,xo)"", (65c) 

where Aq,Ai,A2, A^^A^ are positive constants depending only on M,g,n,a, p. 



Proof. Let /^ G C^{dM) with Jq^.^ fk'^Sg = 0, ||/fc||Li(aA/) ^ C independent of k, such that 
fk^-fi^ distribution sense as A; — )• oo. We can also assume that fk^fiT^ ^lod'^^ \ i^o})- 
By Lemma IAT3] and Lemma IA31 there exists a unique solution Uk G H^ of ( [59l ) with / replaced 
by fk, and 

Moreover, it follows from Moser's iterations (see, e.g., the proof of Theorem fA. 21 ) that there exists 
some a > such that 

ll^fc||c«(M\s,(xo)) < C{r) (66) 
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for any r > 0. By standard compactness arguments, Uk ^^ uin W^'^^'^°{p^ ^'^, M) for some u, 
which is a weak solution of ( [59l) and satisfies 

\W\\c°'/^{M\Br{xo)) - ^('^)- 



Now, it suffices to estabUsh the estimate ( |65a| ) for x G i?j.(xo). For r suitably small, choose a 
FeiTni coordinate system {yi, • • • , Vn+i} centered at xq. Then Uk{y) satisfies 



lim p^'^^y^detg- — - = fk, 
Let Vk be the unique weak solution of 

dvk 1 



- lim pi-2-yd^-. 

Vn+i^O Oyn+1 

Vk = Uk 



\dM\' 



ond'B+.. 



on d'B+, 
on 5"^+. 



ini7^(p-'^ ^'^,M). In view of (l66l). ||^^fc||L°o(B2r) — ^i''") and hence ||^A;|lcQcg+') < C{r). More- 
over, Wk := Uk — Vk ^ H^i^p^^"^^ , M) satisfies 



di{p^-^"./dK^g'^djWk) = 0, 
- lim p--ydi^^: 



ini3i, 



fk + 



\dMy 



on 9'a 



2r' 



on 9"^+. 



w^fc = 

Recall that ^*'"+i = for i < n + 1 on d'B2j.- Let w^ be the even extension of Wk in i32r, i.e., 

Wk{y',yn+l), Vn+l > 0, 



W^fc 



Wk{y',-yn 



+1) 



yn+1 < 0. 



We also evenly extend g and p to be <; and p, respectively. It is easy to verify that the weak limit 
w of Wk in L^+^" (p^"^*^, S2r) is the weak solution vanishing on dB2r (see page 162 of 1,16,1 ) of 



diip'-^^^/det^g'^d, 



W) 



26o in B2r ■ 



It follows from Theorem 3.3 of llT6l that w satisfies the estimates (I65al ) in Br{xo)- Thus, u 
satisfies (I65al ). Finally, (I65bl) and (I65cl ) follows from (I65al ). Theorem IA.3I Proposition lA. 1 1 and 
some scaling arguments. D 
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